The energy spectrum of a two-dimensional electron gas ͑2DEG͒ in the fractional quantum Hall regime interacting with an optically injected valence band hole is studied as a function of the filling factor and the separation d between the electron and hole layers. The response of the 2DEG to the hole changes abruptly at d of the order of the magnetic length . At dϽ, the hole binds electrons to form neutral (X) or charged (X Ϫ )
I. INTRODUCTION
A number of experimental 1-20 and theoretical [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] studies of the optical properties of quasi-two-dimensional ͑2D͒ electron systems in high magnetic fields have been carried out in the recent years. In structures where both conduction electrons and valence holes are confined in the same 2D layer, such as symmetrically doped quantum wells ͑QW's͒, the photoluminescence ͑PL͒ spectrum of an electron gas ͑2DEG͒ involves neutral and charged exciton complexes ͑bound states of one or two electrons and a hole, Xϭe-h and X Ϫ ϭ2e-h). [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [29] [30] [31] [32] [33] [34] [35] The X Ϫ can exist in the form of a number of different bound states. In zero or low-magnetic fields (B р2 T in GaAs͒, only the optically active spin-singlet X s Ϫ occurs. 29, 34, 35 Although it is predicted to unbind in the B →ϱ limit as a consequence of the ''hidden symmetry'' of an e-h system in the lowest Landau level ͑LL͒, [21] [22] [23] the X s Ϫ is observed in the PL spectra even in the highest fields available experimentally (ϳ50 T in GaAs͒.
14 A different X Ϫ bound state is formed in a finite magnetic field: a nonradiative ͑''dark''͒ spin-triplet X td Ϫ . 12, 13 In contrast with an earlier prediction, 23 the X td Ϫ remains bound in the B→ϱ limit, 30, 31 and the transition from the X s Ϫ to the X td Ϫ ground state is expected at BϷ30 T ͑in GaAs͒. 34, 35 At even higher fields, Laughlin incompressible fluid states of strongly bound and long-lived X td Ϫ fermionic quasiparticles were predicted. 32, 33 Very recently, yet another bound X Ϫ state has been discovered 34 in a strong ͑but finite͒ magnetic field: a radiative ͑''bright''͒ excited spin-triplet X tb Ϫ . The X tb Ϫ has the smallest binding energy but the largest oscillator strength of all X Ϫ states, and dominates the PL spectrum at very high magnetic fields. 14 The PL spectra of symmetric QW's are not very useful for studying the e-e correlations in the 2DEG. In such systems, the 2DEG responds so strongly to the perturbation created by an optically injected hole that the original correlations are locally ͑in the vicinity of the hole͒ completely replaced by the e-h correlations describing an X or X Ϫ bound state. The PL spectra containing more information about the properties of the 2DEG itself are obtained in bilayer systems, where the spatial separation of electrons and holes reduces the effects of e-h correlations. 24 The bilayer systems are realized experimentally in heterojunctions and asymmetrically doped wide QW's, in which a perpendicular electric field causes separation of electron and hole 2D layers by a finite distance d. Unless d is smaller than the magnetic length , the PL spectra of bilayer systems show no recombination from X Ϫ states. Instead, they show anomalies [1] [2] [3] [4] [5] [6] [7] at the filling factors ϭ 1 3 and 2 3 , at which Laughlin incompressible fluid states 38 are formed in the 2DEG, and the fractional quantum Hall ͑FQH͒ effect 39 is observed in transport experiments. The bilayer e-h system can be viewed as an example of a more general one in which the 2DEG with well-defined correlations ͑e.g., Laughlin correlations at ϭ 1 3 ) is perturbed by a potential V UD of an additional charge ͑mobile, in case of a valence hole͒, with controlled characteristic strength ͑energy scale͒ U and range ͑length scale͒ D. Although the layer separation d is the only adjustable parameter in an e-h system, larger control over both U and D is possible by replacing the hole with a sharp electrode whose potential and distance from the 2DEG can be tuned independently, as in a scanning tunneling microscope ͑STM͒. 40 In another similar system, a charged impurity can be located at a controlled distance from the 2DEG. 18, 41, 42 The 2DEG has its own characteristic lengths and energies, such as the average distance (ϳ Ϫ1/2 ϭͱ2/) and Coulomb energy of a pair of nearest electrons, or the energy gap QE ϩ QH to create Laughlin quasiparticle excitations and the average separation between them. Therefore, different types of response of the 2DEG to a perturbation V UD are expected, depending on the relation between U and D, and the characteristic lengths and energies of the 2DEG. Although the properties of bilayer e-h systems in the FQH regime have been extensively studied in the past, [23] [24] [25] [26] [27] [28] the existing theory is by no means satisfactory. For example, we argue that the suggestive concept of a ''dressed exciton'' 25, 26 at small d is not valid, and that the ''anyon exciton'' 27 is not the relevant quasiparticle for description of the PL spectra at large d. In the present work, the elementary ͑''true''͒ quasiparticles ͑TQP's͒ of the e-h system are identified at an arbitrary layer separation d. A unified description of the response of the 2DEG to the perturbing potential of an optically injected hole is proposed, and a transition 24 from an e-h correlated ͑excitonic͒ to an e-e correlated ͑Laughlin͒ phase at dϷ1.5 is confirmed. This transition has a pronounced effect on the optical spectra: at larger d, the discontinuities occur at ϭ At small layer separations (dϽ), we show that the lowest energy band of e-h states does not describe a magnetoexciton dispersion, 23 and that the ''dressed exciton'' model proposed by Wang et al. 25 and by Apalkov and Rashba 26 is not valid. Instead, the formation of ͑two-component͒ incompressible fluid 33, 38, 43 e-X Ϫ states in an e-h plasma is demonstrated. The states previously misinterpreted as the dispersion of a ''dressed exciton'' with an enhanced mass are shown to contain an X Ϫ interacting with a quasihole ͑QH͒ of such incompressible fluid. The list of possible bound states ͑TQP's͒ of the system at dϽ includes the X state, different X Ϫ states, and the X Ϫ QH n states in which one or two QH's of the e-X Ϫ fluid are bound to an X Ϫ . Which of the TQP's occur at the lowest energy depends critically on d and .
The dependence of the excitation energy gap of the incompressible e-X Ϫ states on d is also studied. The enhancement of the gap at small dϾ0 is predicted for some states. Combining the present result with Ref. 34 , we find that Laughlin e-X Ϫ correlations, which isolate the X Ϫ 's from the surrounding 2DEG, survive ͑or are enhanced͒ at small d for all of X s Ϫ , X td Ϫ , and X tb Ϫ states. Hence, the understanding of the PL spectra in terms of weakly perturbed X Ϫ states remains valid at dϽ.
At large layer separations (dϾ2), following the work of Chen and Quinn, 28 we study the formation and properties of fractionally charged excitons ͑FCX's͒, or ''anyonic ions,'' hQE n consisting of n Laughlin quasielectrons ͑QE's͒ of the 2DEG bound to a distant hole. We give a detailed analysis of all FCX complexes in terms of their angular momenta and binding energies. The pseudopotentials 44, 45 ͑pair energy as a function of pair angular momentum͒ describing interactions between the hole, electrons, and the Laughlin quasiparticles are calculated. Using the knowledge of the involved interactions, we predict the stability of hQE and hQE 2 complexes and explain the behavior of their binding energy as a function of the layer separation d. Somewhat surprisingly, the hQE 3 complex is found unstable at any value of d.
The general analysis sketched above is illustrated with the energy spectra obtained in large-scale numerical diagonalization of finite systems on a Haldane sphere. 49, 50 Using Lanczos-based algorithms, 51 we were able to calculate the exact spectra of up to nine electrons and a hole at the filling factors Ϸ 1 3 . Since our numerical results obtained for fairly large systems can serve as raw ''experimental'' input for further theories, we discuss them in some detail in the last section. They agree with all our predictions made throughout the paper.
Although in the present work we study a very ideal e-h system in the lowest LL, our most important conclusions are qualitative, and thus apply without change to realistic systems. To obtain a better quantitative agreement with particular experiments, the effects due to the LL mixing ͑less important at dу2) and finite QW widths must be included in a standard way ͑see, e.g., Ref. 34 for dϭ0). Some of our conclusions should also shed light on the physics of other related systems, such as the STM. In particular, the screening of a potential of a sharp electrode by a 2DEG is expected to involve ''real'' electrons when U is large and D is small, and Laughlin quasiparticles in the opposite case. An asymmetry between the response of a 2DEG to a positively and negatively charged electrode is expected in the latter case, because of very different QE-QE and QH-QH interactions at short range. Let us also add that the problem at ϭ 2 3 is equivalent to that at ϭ 1 3 because of the charge-conjugation symmetry in the lowest LL.
The presented identification of bound states (X, X Ϫ , X Ϫ QH n , and hQE n ) in e-h systems at an arbitrary d and the study of their mutual interactions is necessary for the correct description of the PL from the 2DEG in the FQH regime. While the complete discussion of the optical properties of all bound e-h states will be presented in a following publication, 46 let us mention that the translational invariance of a 2DEG results in strict optical selection rules for bound states ͓analogous to those forbidding emission from an isolated X td Ϫ ͑Refs. 31-33͔͒. As a result, h ͑the ''uncorrelated hole'' state͒, hQE* ͑an excited state of an h-QE pair͒, and hQE 2 are the only stable radiative states at large d, while the recombination of hQE ͑the ground state of an h-QE pair͒ or of ͑unstable͒ hQE 3 is forbidden. Different optical properties of different hQE n complexes and the critical dependence of their stability on the presence of QE's in the 2DEG explain the discontinuities observed [1] [2] [3] [4] [5] [6] [7] in the PL at ϭ 
II. MODEL
We consider a system in which a 2DEG in a strong magnetic field B fills a fraction Ͻ1 of the lowest LL of a narrow QW. A dilute 2D gas of valence-band holes ( h Ӷ) is confined to a parallel layer, separated from the electron one by a distance d. The widths of electron and hole layers are set to zero ͑finite widths can be included through appropriate form-factors reducing the effective 2D interaction matrix elements 34 ͒, and the mixing with excited electron and hole LL's is neglected. The convenient units for length and energy are the magnetic length and the energy e 2 /, respectively. At dϭ0, the e-h matrix elements are equal to the e-e exchange ones, V i jkl eh ϭϪV ik jl ee , due to the particle-hole symmetry, and at dϾ0 the e-h attraction is weaker than the e-e repulsion ͑at short range͒. The 2D translational invariance of H results in conservation of two orbital quantum numbers: the projection of total angular momentum Mϭ͚ m (c m † c m Ϫh m † h m )m and an additional angular momentum quantum number K associated with partial decoupling of the center-of-mass motion of an e-h system in a homogeneous magnetic field. 47, 48 For a system with a finite total charge, Qϭ ͚ m (h m † h m Ϫc m † c m )e 0, the partial decoupling of the center-of-mass motion means that the energy spectrum consists of degenerate LL's. 47 The states within each LL are labeled by Kϭ0, 1, 2, . . . and all have the same value of LϭMϩK. Since both M and K ͑and hence also L) commute with the PL operator P, which annihilates an optically active ͑zero-momentum, kϭ0) e-h pair ͑exciton͒, M, K, and L are all simultaneously conserved in the PL process.
The effects associated with finite ͑short͒ range correlations ͑such as formation and properties of bound states͒ can be studied in finite systems by exact numerical diagonalization, provided that the system size R can be made larger than the characteristic correlation length ␦ ͑i.e., the size of the bound state͒. Numerical diagonalization of H for finite numbers of electrons (Nϭ ͚ m c m † c m ) and holes (N h ϭ ͚ m h m † h m ) in a finite physical space ͑area͒ requires restriction of singleparticle electron and hole Hilbert spaces to a finite size. In the planar geometry, inclusion of only a finite number of electron and hole states in the calculation ͑states with m only up to certain value m max ) breaks the translational symmetry and the conservation of K. A finite dispersion of calculated LL's, which disappears only in the m max →ϱ limit, hides the underlying symmetry of the modeled ͑infinite͒ system. Also, the calculated PL oscillator strengths do not obey the exact ⌬Kϭ0 optical selection rule that holds in an infinite system.
More informative finite-size spectra are obtained here using Haldane's geometry, 49 where electrons and holes are confined to a spherical surface of radius R and the radial magnetic field is produced by a Dirac monopole. The reason for choosing the spherical geometry for the calculations is strictly technical and of no physical consequence for the results. Finite area ͑and thus finite LL degeneracy͒ of a closed surface results in finite size of the many-body Hilbert spaces obtained without breaking the 2D translational symmetry of a plane ͑which is preserved in the form of the 2D group of rotations͒. The exact mapping 34, 52 between quantum numbers M and K on a plane, and the 2D algebra of the total angular momentum L on a sphere allows investigation of effects caused by those symmetries ͑such as LL degeneracies and optical selection rules͒ and conversion of the numerical results back to the planar geometry. The price paid for closing the Hilbert space without breaking the symmetries is the surface curvature that modifies the interaction matrix elements V i jkl ee and V i jkl eh . However, if the correlation length ␦ can be made smaller than R ͑as happens for both Laughlin correlations in FQH systems and for bound states͒, the effects of curvature are scaled by a small parameter ␦/R and can be eliminated by extrapolation of the results to R→ϱ ͑in a similar way, as the results obtained in the planar geometry can be extrapolated to m max →ϱ).
The detailed description of the Haldane sphere model can be found for example in Refs. 49, 50, and 53 ͑see also Refs. 32-34 for application to e-h systems͒ and will not be repeated here. The strength 2S of the magnetic monopole is defined in the units of flux quantum 0 ϭhc/e, so that 4R 2 Bϭ2S 0 and the magnetic length is ϭR/ͱS. The single-particle states are the eigenstates of angular momentum lуS and its projection m, and are called monopole harmonics. The single-particle energies fall into (2lϩ1)-fold degenerate angular momentum shells ͑LL's͒. The lowest shell has lϭS and thus 2S is a measure of the system size through the LL degeneracy. The charged many-body e-h states form degenerate total angular momentum (L) multiplets ͑LL's͒ of their own. The total angular momentum projection L z labels different states of the same multiplet just as K or M did for different states of the same LL on a plane. Different multiplets are labeled by L just as different LL's on a plane were labeled by L. The pair of optical selection rules, ⌬L z ϭ⌬Lϭ0 ͑equivalent to ⌬Mϭ⌬Kϭ0 on a plane͒ results from the fact that an optically active exciton carries no angular momentum, l X ϭ0.
It is clear that certain properties of a ''strictly'' spherical system do not describe the infinite planar system that we intend to model. For example, if understood literally, finite separation d between the electron and hole spheres would lead to different values of the magnetic length in the two layers, and thus introduce an asymmetry between electron and hole orbitals ͑even in the lowest LL͒. While this effect disappears in the R→ϱ limit, it is eliminated by formally calculating the matrix elements of the interaction potential V eh (r) at any value of d for electrons and holes confined to a sphere of the same radius R. This procedure justifies the use of spherical geometry at arbitrarily large layer separation ͑not only at dӶR).
III. BOUND ELECTRON-HOLE STATES IN A DILUTE 2DEG
In order to understand PL from a 2DEG at arbitrary filling factor and layer separation d, one must first identify the bound complexes in which the holes ͑minority charges͒ can occur. After these bound complexes are found and understood in terms of such single-particle quantities as total charge Q, binding energy ⌬, angular momentum l, or PL oscillator strength ͑inverse optical lifetime͒ Ϫ1 , a perturbation-type analysis can be used to determine if those complexes are the relevant ͑or ''true''͒ quasiparticles ͑TQP's͒ of a particular e-h system, weakly perturbed by interaction with one another and the surrounding 2DEG. If it is so, the low-energy states can be understood in terms of these TQP's and their interactions. The PL ͑emission͒ probes the electron system in the vicinity of the annihilated hole and therefore the optical properties of TQP's determine the ͑low-temperature͒ PL spectra of the system. This type of analysis has been recently applied to the e-h systems at dϭ0 in the lowest LL, 32, 33 and it showed that the low-lying states contained all possible combinations of bound e-h complexes ͑excitons Xϭe-h and excitonic ions X n Ϫ ϭnX-e) and excess electrons, interacting through effective pseudopotentials. The short range of these pseudopotentials yields Laughlin correlations between electrons and excitonic ions, which isolate the latter from the 2DEG and make them act like well-defined TQP's without internal dynamics. When applied to realistic symmetrically doped (d ϭ0) QW's at large B and low density (Ͻ 1 3 ), a similar analysis showed 34 that the observed PL spectra contain transitions only from radiative bound states ͑in that case, spinsinglet and excited spin-triplet X Ϫ states͒ and explained why the expected 35 singlet-triplet X Ϫ crossing was not observed in some experiments.
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A. Hidden symmetry at zero layer separation
The exact particle-hole symmetry between electrons and valence holes in the lowest LL at dϭ0 results from ͑i͒ the identical electron and hole single-particle orbitals, scaled by the same characteristic length , which yields equal strength of e-e and e-h interaction matrix elements, V i jkl eh ϭϪV ik jl ee , and ͑ii͒ no effects of different effective masses on scattering because of the infinite cyclotron gap. This ''hidden symmetry'' results 23 in the following commutation relation between the Hamiltonian ͑1͒ and the PL operator P † that creates a kϭ0 exciton,
where E X ϭϪͱ/2e 2 / is the exciton energy in the lowest LL and
Because of Eq. ͑2͒, a ''multiplicative'' ͑MP͒ eigenstate of H ͑a state containing N X neutral excitons with momentum zero͒ can be constructed by application of P † N X times to any eigenstate of the interacting electrons. The excitons created or annihilated with operators P † and P ͑i.e., by absorption or emission of a photon͒ have the same energy E X that is independent of other electrons or holes present. The number N X of such ''decoupled'' excitons is conserved by H, only the states with N X Ͼ0 are radiative, and the emission ͑absorp-tion͒ governed by the selection rule ⌬N X ϭϪ1 (ϩ1) occurs at the bare exciton energy E X . 23 Somewhat surprisingly, it turns out 28, 30 that the ''totally multiplicative'' eigenstate
obtained by adding the Bose-condensed ground state of N X ϭN h excitons each with kϭ0 to the ground state ͉⌿͘ of excess NϪN h electrons, is not always the ground state of the combined e-h system. This results because the interaction of an excited excitonic state ͑i.e., one with k 0) of the Bose condensate with the fluid of excess electrons can lower the total energy by more than the cost of creating the excited excitonic state. Typically, a MP state P † ͉⌽͘ created by optical injection of a kϭ0 exciton into a state ͉⌽͘ is an excited state, and the absorption is followed by relaxation to a different ͑non-MP, i.e., nonradiative͒ ground state.
The condition under which the totally MP state in Eq. ͑3͒ is the e-h ground state follows from the mapping 23 onto the ↑ -↓ ͑spin-unpolarized electron͒ system, in which ͉⌿ N h ͘ corresponds to the ↑-↓ state with the maximum spin. Since ↑ ϭ1Ϫ and ↓ ϭ h , and the 2DEG is spin-polarized ͑in the absence of the Zeeman splitting͒ only at the Laughlin fillings, 54 the condition for the totally MP e-h ground state
with pϭ1, 2, . . . . At all other fillings ͑e.g., Ϫ h ϭ 1 3 ), the ground state has N X ϽN h , i.e., contains a number of holes that are bound in other ͑nonradiative͒ complexes than kϭ0 excitons.
B. Charged exciton states
An example of a non-MP e-h ground state is the ''dark'' spin-triplet charged exciton (X td Ϫ ). 30 The X td Ϫ is the only bound 2e-h state in the lowest LL at dϭ0. It is the most stable e-h complex at h р2, but its binding energy decreases at dϾ0, when the e-h attraction ͑at short range͒ becomes smaller than the e-e repulsion. The dependence of the 2e-h energy spectrum on d is shown in Fig. 1 . The spectra are calculated in the spherical geometry for the LL degeneracy of 2Sϩ1ϭ41. The energy is measured from the exciton energy E X , so that for the bound states ͑the states below the dashed lines͒ it is the negative of the X Ϫ binding energy, ⌬ X Ϫϭ E X ϪE. Open and full symbols distinguish singlet-and triplet-electron spin configurations, and each state with LϾ0 represents a degenerate multiplet with ͉L z ͉ рL. The Zeeman energy of the singlet states is not included. The angular momentum L calculated on a sphere translates into the angular momentum quantum numbers on a plane in such a way 34, 52 that each LL at Lϭ0, Ϫ1, Ϫ2, . . . ͑con-taining states with Kϭ0, 1, 2, . . . , i.e., with MϭLϪK ϭL, LϪ1, LϪ2, . . . ͒ is represented by a multiplet at L ϭSϩL. Thus, the low-energy multiplets in Fig. 1 at L ϭ20, 19, and 18 represent the planar LL's at MрLϭ0, MрLϭϪ1, and MрLϭϪ2, respectively.
It is important to realize that the recombination of an isolated X td Ϫ at dϭ0 is forbidden because of two independent symmetries. [32] [33] [34] The ⌬N X ϭϪ1 selection rule resulting from the hidden symmetry, which allows recombination from a pair of MP states at LϭS and EϭE X only, is lifted at dϾ0. However, the translational symmetry yielding conservation of L and L z ͑on a plane, M and K) holds at any value of d. Because the electron left in the lowest LL after recombination has lϭS (Lϭ0), only those 2e-h multiplets at L ϭS (Lϭ0) are radiative. They are marked with shaded rectangles in all frames of Fig. 1 . In larger systems containing more than a single X Ϫ , the translational symmetry is broken by collisions, and weak X td Ϫ recombination becomes possible. states with increasing ͉L͉ have been found when the distance between the impurity and the electron layer were increased. 42 Bound states of larger excitonic ions X n Ϫ ϭnXϩe are also possible at small d. They all have completely polarized electron and hole spins, and their binding energy,
Ϫ ϪE X n Ϫ, decreases with increasing size (n). The dependence of X td Ϫ , X sd Ϫ , and X 2 Ϫ binding energies ͑calculated at 2Sϭ60) on separation d is shown in Fig. 2͑a͒ . As it was discussed in Sec. II, finite-size calculations give good approximation to 2e-h energies only for the bound ͑finite-size͒ states. While the binding energies are correct at the values of d for which ⌬Ͼ0, they should asymptotically approach zero for d→ϱ instead of crossing it as in Fig. 2͑a͒ . The average e-e distance r ee ϭͱ͗r ee 2 ͘ within the X td Ϫ and X sd Ϫ complexes is plotted in Fig. 2͑b͒ . Both X Ϫ wave functions depend rather weakly on d in the range where ⌬Ͼ0 ͑i.e., dр0.7 for X td Ϫ and 0.4рdр1.2 for X sd Ϫ ), but when d exceeds the critical value (dϭ0.8 for X td Ϫ and dϭ1.3 for X sd Ϫ ), r ee quickly increases and the X Ϫ unbinds into an exciton and an electron. Similarly as for binding energies in Fig. 2͑a͒ , we expect the r ee curves in Fig. 2͑b͒ to correctly describe the X td Ϫ and X sd Ϫ states on an infinite plane only when r ee is smaller than RϷ5.
IV. ELECTRON-HOLE STATES AT SMALL LAYER SEPARATION: ELECTRON-CHARGED-EXCITON FLUID
A. Zero layer separation
In the following the 2DEG is assumed to be completely spin-polarized because of large Zeeman splitting. We do not discuss effects due to X sd Ϫ and omit the spin subscript in the triplet charged-exciton state X td Ϫ . It follows from Figs. 1 and 2 that X Ϫ is the only spin-polarized bound 2e-h state at d р. Since ⌬ X ϪϾ ⌬ X 2 ϪϾ ⌬ X 3 ϪϾ . . . in entire range of d, the excitonic ions larger than X Ϫ are unstable in the presence of excess electrons ͑e.g., X 2 Ϫ ϩe→2X Ϫ ), and the low-lying states at dϽ and h Ӷ contain only X Ϫ 's and electrons interacting with one another through effective pseudopotentials. 32, 33 The pseudopotential V eX Ϫ( L) ͑the e-X Ϫ pair interaction energy V as a function of pair angular momentum L) at dϭ0 was shown 33 to satisfy the ''short range'' criterion 45 at those values of L that correspond to odd ''relative'' pair angular momenta Rϭl e ϩl X ϪϪ L (R is equal to the usual relative pair angular momentum m on a plane͒. As a result, generalized Laughlin correlations described in the wave function by a Jastrow prefactor
Ϫz X Ϫ ( j) ) m eX Ϫ with even exponents m eX Ϫ occur in the twocomponent e-X Ϫ fluid. At certain values of the electron and hole filling factor, these correlations result in incompressibility. For example, the ͓m ee m X Ϫ X Ϫm eX Ϫ͔ ϭ͓332͔ ground state, first suggested by Halperin 43 for the ↑Ϫ↓ spin fluid, has been found numerically in the 8e-2h system. 33 A generalized ͑multi-component͒ mean-field composite fermion ͑CF͒ model has been proposed 33 to determine the bands of lowest-energy states at any and h . In this model, effective CF magnetic fields of different type ͑color͒ result that cannot be understood literally. Rather, the model relies on two simple facts: 33, 45 ͑i͒ in the low-energy states of Laughlincorrelated many-body systems, a number of strongly repulsive pair states at the smallest R are avoided for each type of pair ͑here, e-e and e-X Ϫ ); ͑ii͒ the states satisfying the above constraint can be found more easily by noticing that the avoiding of pair states with the smallest R is equivalent to the binding of zeros of the many-body wave function ͑vorti-ces͒, which can be reproduced ͑for the purpose of multiplet counting͒ by attachment of magnetic fluxes.
Let us apply the CF model to the system containing N electrons and only one hole. While the correct picture of this simple system is essential for understanding the nature of low energy states and ͑low-temperature͒ PL of a 2DEG in the FQH regime, it has been interpreted incorrectly in a number of previous studies. 27 In Fig. 3 we show the energy spectra for Nϭ7, 8, and 9 and 2S corresponding to Ϸ 1 3 . The full dots mark the multiplets obtained in the exact diagonalization of the Ne-h system and the open circles mark the MP states ͑with an l X ϭ0 exciton decoupled from the NϪ1 electron fluid͒.
In Figs. 3͑a͒, 3͑c͒ , and 3͑d͒ the NϪ1 electrons in the lowest energy MP state at Lϭ0 form the Laughlin ϭ 1 3 ground state. In Fig. 3͑b͒ , there is one Laughlin quasihole in the lowest MP state at Lϭ3. The non-MP low-energy states in all frames contain an X Ϫ with angular momentum l X Ϫ ϭSϪ1 and NϪ2 electrons each with l e ϭS. The CF picture in which two magnetic fluxes are attached to each particle to model the avoiding of the R ee р2 and R eX Ϫр 1 pair states yields effective angular momenta of l e *ϭl e Ϫ(NϪ2) and l X Ϫ * ϭl e *Ϫ1. In Figs. 3͑a͒, 3͑c͒, Fig. 3͑b͒ .
The strongest indication that the lowest-energy bands of non-MP states in Fig. 3 contain an X Ϫ interacting with excess electrons comes from direct comparison of exact Ne-h energies ͑dots͒ with the approximate energies of the (N Ϫ2)e-X Ϫ charge configuration ͑pluses͒. The (NϪ2)e-X Ϫ energies are calculated using an effective e-X Ϫ pseudopotential and the X Ϫ binding energy. Since the results depend on unknown details of V eX Ϫ ͑due to the density-dependent polarization of the X Ϫ in the electric field of electrons͒, we make a ͑rough͒ approximation, and instead of V eX Ϫ use the pseudopotential of two distinguishable point charges with angular momenta l e and l X Ϫ. The obtained spectra are quite close to the original ones and all contain the low-lying bands as predicted by the CF model. A much better fit is obtained for V eX Ϫ including (N-dependent͒ polarization effects. It is apparent that only two types of states exhaust the entire low-energy spectra shown in Fig. 3 : the MP states containing a decoupled l X ϭ0 exciton and the non-MP states containing an X Ϫ . None of the low-energy states can be understood in terms of an excited (l X 0) exciton interacting with the excess NϪ1 electrons. In particular, the bands of lowest-energy states at Lϭ1, 2, . . . , NϪ3 in Figs. 3͑a͒, 3͑c͒, and 3͑d͒ do not describe dispersion of a so-called ''dressed exciton'' X* ͑charge neutral exciton with an enhanced mass due to the coupling to QE-QH pair excitations of the Laughlin ϭ 1 3 fluid of NϪ1 excess electrons͒ as first suggested by Apalkov and Rashba 26 and reviewed in subsequent papers. It is much more informative to interpret these e-h states in terms of a well-defined X Ϫ particle ͑with specified QϭϪe, lϭSϪ1, or LϭϪ1, ⌬ as plotted in Fig. 2 , and Ϫ1 ϭ0) interacting with excess electrons through the well-defined 32, 33 pseudopotential V eX Ϫ yielding well-defined Laughlin-Jastrow e-X Ϫ correlations and Laughlin quasiparticle excitations of a two-component incompressible ''reference'' state, than to say that k 0 exciton is coupled in an undefined way to the Laughlin quasiparticles of an electron ϭ 1 3 state. The ''dressed exciton'' picture is simply wrong in describing the nature of the TQP of the system. For example, the X* has zero charge and continuous energy spectrum instead of QϭϪe and Landau quantized orbits of an X Ϫ . The reason why the suggestive idea of an X* does not work is that the coupling of a k 0 exciton ͑which has a nonzero in-plane electric dipole moment ϰk) to electrons is too strong to be treated perturbatively.
B. Small layer separation
The knowledge of the nature of the TQP's of any system is essential for understanding its response to an external perturbation. Since an X* is expected to behave differently than an X Ϫ when electron and hole layers are separated, the incorrect assumption of the ''dressed exciton'' picture at d ϭ0 must result in incorrect interpretation of the e-h states at dϾ0 as well.
At a small layer separation dϽ, all bound e-h states acquire a small electric dipole moment , which is proportional to d and oriented perpendicular the electron and hole planes. These dipole moments result in a repulsive dipoledipole interaction between e-h complexes, which is proportional to d 2 /r 3 at distance rӷd. While the electron-dipole e-X repulsion is the reason for the decrease of the binding energy of an isolated X Ϫ at 0ϽdӶ, it can slightly extend the stability range of an X Ϫ embedded in a 2DEG ͑compared to Fig. 2͒ .
In the range of d values for which the X Ϫ is bound, the X Ϫ dipole moment increases its total repulsion with electrons and other X Ϫ 's. It is possible that this increased repulsion could enhance the excitation gap of an incompressible fluid e-X Ϫ state. Examples of different behavior of the gap are shown in Fig. 4. In Fig. 4͑a͒ , the 9e-h ground state at d ϭ0.5 is the 7e-X Ϫ state with ͓3*2͔ correlations (m X Ϫ X Ϫ is undefined for only one X Ϫ ). In the generalized CF picture, this state contains one QE X Ϫ with l QE ϭ2 and a filled shell of electron CF's. In Fig. 4͑b͒ , the 8e-2h ground state at d ϭ0.5 is the 4e-2X
Ϫ incompressible state ͓332͔. In Fig.   4͑c͒ , the 6e-3h ground state at dϭ0.3 is the Laughlin ϭ state of X Ϫ 's increases significantly up to dϭ0.7.
V. ELECTRON-HOLE STATES AT LARGE LAYER SEPARATION: HOLE WEAKLY COUPLED TO ELECTRON FLUID
It was shown by Chen and Quinn 28 that the opposite limit of dӷ is easier to understand than that of dϽ, because of the vanishing e-h interaction. In this limit, the low-lying states of the combined system are products of the Laughlincorrelated 2DEG and the decoupled hole. The allowed angular momenta L of the lowest-energy band of the combined e-h system result from addition of the angular momenta of the lowest-energy electron states ͑containing a number of Laughlin quasiparticles͒ L e to the hole angular momentum l h ϭS. separation in the 2DEG. While the e-e interactions alone still completely determine the ͑Laughlin͒ correlations of the 2DEG, the valence-band hole can now correlate with the quasiparticle excitations of the 2DEG due to their much lower density ͑compared to the electron density͒. The hole repels positively charged QH's but can bind one or more negatively charged QE's ͑depending on the relative strength of the h-QE and QE-QE interactions͒ to form fractionally charged excitons ͑FCX͒, or ''anyonic ions,'' hQE n . 28 When d is so large that the number of Laughlin quasiparticles in the 2DEG is conserved by the weak e-h interaction, a discontinuity in the behavior of the system as a function of the magnetic field ͑or electron density͒ will occur at Laughlin filling factors (2pϩ1) Ϫ1 , because different types of TQP's can form depending on whether QE's are or are not present in the 2DEG. The transition should be visible in PL, as the recombination of a free hole at Ͻ(2pϩ1)
Ϫ1 can be distinguished from that of a hole bound into an hQE n complex at Ͼ(2pϩ1) Ϫ1 .
VI. ELECTRON-HOLE STATES AT INTERMEDIATE LAYER SEPARATION: FRACTIONALLY CHARGED EXCITONS
The TQP's of the e-h system at a particular layer separation d are by definition the most stable bound complexes ͑the ones with the largest binding energy͒ composed of smaller elementary particles or quasiparticles: a valence hole and either electrons or Laughlin excitations of the 2DEG. To determine the most stable complexes at a particular value of d, the interactions between their subcomponents must be studied. Two-body interactions enter the many-body Hamiltonian through their pseudopotentials V(L), defined as the pair interaction energy V as a function of pair angular momentum L ͑or another pair quantum number͒. 44, 45 The e-e, e-h, QE-QE, QH-QH, and QE-QH pseudopotentials are well known 44, 45, 55 and ͑except for e-h) do not depend on d for spatially separated electron and hole layers. The simple form of single-particle wave functions in the lowest LL results in a very regular form of V ee (L) and V eh (L). On a sphere, larger L corresponds to smaller ͑larger͒ average separation of two charges of the same ͑opposite͒ sign, and thus V ee increases and ͉V eh ͉ decreases with increasing L.
The dependence of V eh (L) on d can be expressed in terms of the effective strength (U) and range (D) of the Coulomb potential of the hole ͑in its lowest-LL single-particle state͒ seen by an electron. A measure of U is the exciton binding energy ⌬ X ϭV eh (0). As shown in Fig. 5͑a͒ , ⌬ X varies with d roughly as
Ϫ1 ⌬ X (0), which means that the average e-h separation in the exciton ground state is roughly r eh (d)ϭr eh (0)ϩd rather than ͱr eh 2 (0)ϩd 2 . A measure of the range D is an average e-h distance r eh in the exciton state whose energy is half of the binding energy. In Fig. 5͑b͒ we plot the normalized exciton pseudopotentials as a function of wave vector kϭL/R. Since r eh is proportional 56 to k, and the value k 1/2 for which Fig. 5͑b͒ increases roughly linearly with d , we obtain the pair of relations,
describing the perturbing potentials V UD which can be achieved in bilayer e-h systems with different d. Laughlin quasiparticles have more complicated charge density profiles than electrons or holes in the lowest LL. This internal structure is reflected in the oscillations of the QE and QH pseudopotentials at the values of L corresponding to small average separation between the QE or QH and the second particle. For example, despite Laughlin quasiparticles being charge excitations, neither QE-QE nor QH-QH interaction is generally repulsive. 55, 57 On the contrary, the QE 2 molecule ͑the state with maximum L, i.e., minimum QE-QE separation͒ is either the ground state or a very weakly excited state of two QE's ͑numerical results for finite systems are not conclusive͒. 55 In order to calculate the pseudopotentials V hQE (L) and V hQH (L) associated with the interaction between Laughlin quasiparticles ͑QE or QH͒ of a ϭ 1 3 fluid and a hole moving in a parallel plane separated by an arbitrary distance d, we use the following procedure. A finite Ne-h system is diagonalized at the monopole strength 2S corresponding to a single QE or QH in the 2DEG ͑in the absence of the interaction with the hole͒. To assure that the interaction between the hole and the 2DEG is weak compared to the energy QE ϩ QH (Ϸ0.1e 2 / for an infinite system͒ needed to create additional QE-QH pairs in the 2DEG, the charge of the hole is set to e/⑀ where ⑀ӷ1. This guarantees that the lowest band of Ne-h states contain exactly one QE or QH interacting with the hole. The pseudopotentials V hQE (L) and V hQH (L) are calculated by subtracting from the lowest eigenenergies the constant energy of the 2DEG and the energy of interaction between the hole and the uniform-density ϭ 1 3 fluid, and multiplying the difference by ⑀. If ⑀ is sufficiently large, the pseudopotentials calculated in this way ͓and shown in Figs. 6͑a͒ and 6͑b͔͒ do not depend on ⑀ and describe the interaction between the hole of full charge ϩe and the Laughlin quasiparticle. A similar procedure has been used to calculate the pseudopotentials V eQH (L) and V eQE (L) of the interaction between quasiparticles and an electron moving in a parallel layer ͓Figs. 6͑c͒ and 6͑d͔͒, and the pseudopotentials V hQE n (L) and V eQE n (L) involving the QE 2 and QE 3 molecules ͑Fig. 7͒. From such calculation, the binding energies and PL oscillator strengths of all hQE n FCX's are obtained to determine under what circumstances ͑layer separation, density, temperature, etc.͒ various FCX's can occur and contribute to the PL spectrum.
The pseudopotentials of a single QE and QH of a sevenelectron fluid (Nϭ7) interacting with a hole or an electron on a parallel layer are shown in Figs. 6͑a͒ and 6͑b͒ for a number of different layer separations d. The allowed pair angular momenta L result from addition of individual angular momenta of the quasiparticles, 55 l QE ϭl QH ϭN/2, and the particles in the second layer, l e ϭl h ϭS. Since the length scale D probed by the potential of the hole ͑electron͒ decreases when it is brought closer to the 2DEG, structure appears for dϽ in all pseudopotentials ͑at L corresponding to small average separation͒. For example, the h-QE ground state for dϽ occurs at LϾl h Ϫl QE , i.e., not at the minimum allowed average h-QE separation. Similarly as in QE-QE and QH-QH pseudopotentials 55 ͓see also Figs. 6͑e͒ and 6͑f͒ for Nϭ7], the oscillations of particle-quasiparticle pseudopotentials reflects structure in QE and QH charge density.
All pseudopotentials in Figs. 6 and 7 have been arbitrarily shifted in energy so that they vanish for the pair state of the largest average separation. The more accurate estimate of the h-QE pseudopotential parameters at the two smallest values of L, i.e., the binding energy ⌬ of the hQE and hQE* complexes with the smallest and the next smallest average h-QE separation ͑the hQE* complex is important in discussion 46 of PL͒ gives the curves plotted in Fig. 8 . The interaction of the 2DEG at Ϸ 1 3 with an additional charge ͑hole or electron͒ can be considered weak only at about dϾ1.5. In this regime, the 2DEG responds to the perturbation introduced by a distant charge by screening it with already existing Laughlin quasiparticles to form bound FCX's, hQE, or eQH. A discontinuity occurs at ϭ 1 3 , because the QE's that can be bound to a hole exist only at Ͼ 1 3 , and the QH's that can be bound to an electron occur only at Ͻ 1 3 . Fig. 8 shows that at dϽ1.5 the energy of h-QE ͑and e-QH) attraction exceeds QE ϩ QH , and the QE-QH pairs are spontaneously created in the 2DEG to screen the hole ͑or electron͒ charge at any value of Ϸ 1 3 . Whether only one QE-QH pair will be spontaneously created to form hQE, or if larger FCX's will occur ͑e.g., hQE →hQE 2 ϩQH) depends on V hQE 2 and V hQE 3 . Since V QE-QE has a minimum at Lϭ2l QE Ϫ1 (Rϭ1) and a maximum at Lϭ2l QE Ϫ3 (Rϭ3), two or three QE's can form QE 2 or QE 3 molecules. Even if the QE 2 and QE 3 molecules are not the absolute two-or three-QE ground states in the absence of an additional attractive potential, they both will be metastable due to the energy barrier at Rϭ3, i.e., a finite energy gap to separate two QE's. Both QE 2 and QE 3 can bind to a hole, and ͑because of the barrier in V QE-QE ) the resulting FCX's, hQE 2 , and hQE 3 , are expected to be quite stable even at dӷ.
The pseudopotentials describing interaction of the QE 2 and QE 3 molecules with a hole and an electron are shown in Fig. 7 . Somewhat unexpectedly, they show that QE 2 is more state and an additional charge ͑electron or hole͒ on a parallel layer separated by d. QE and QH are the QE and QH energies and is the magnetic length. strongly attracted to the hole than QE 3 , which suggests that the hQE 3 is not stable (hQE 3 →hQE 2 ϩQE). Since the h-QE 2 attraction is also stronger than h-QE in Fig. 6 , both hQE and hQE 2 are stable FCX's.
The binding energies ⌬ of all hQE n complexes calculated in the 8e-h system are plotted as a function of d in Fig. 8 . The binding energy ⌬ of an hQE n state is defined as the energy of attraction between the hole and n QE's. For the excitonic state he ͓in which a hole binds a whole ''real'' electron to form an e -h pair weakly coupled to the remaining NϪ1 electrons at 2Sϭ3(NϪ2), i.e., at ϭ 1 3 ] with energy E he , ⌬ he is defined as a difference between E he and the state in which the hole is completely decoupled from all N electrons ͑which at 2Sϭ3(NϪ2) form a state with three Laughlin QE's͒. Note that ⌬ he is not equivalent to the binding energy of a free exciton ͑it is not equal to the e-h attraction but also includes the energy needed to remove an electron from the Laughlin state so that it can be bound to the hole͒.
The hQE 2 is the most strongly bound FCX in entire range of d ͑at least up to dϭ10), and hence it is expected to form in the presence of excess QE's at Ͼ 1 3 . It can be seen in Fig.  8 that ⌬ hQE 2 Ͼ QE ϩ QH at dϽ, and two QE-QH pairs are spontaneously created in the 2DEG to form hQE 2 even at Ͻ 1 3 . However, at such small d, neutral (X) and charged excitons (X Ϫ ) composed of a hole and one or two ''real'' electrons of charge Ϫe ͑rather than Laughlin QE's of charge Ϫ 1 3 e) are more stable complexes than hQE 2 . The transition from fractional to ''normal'' exciton phase occurs at d Ϸ1. 5 , that is at the crossing of ⌬ hQE 2 and ⌬ he in Fig. 8 ͑the shaded rectangle marks the ''normal'' exciton phase͒.
VII. NUMERICAL ENERGY SPECTRA AT INTERMEDIATE LAYER SEPARATION
The hypothesis of the existence of bound FCX states hQE n put forward in the preceding section was based solely on the analysis of the h-QE and QE-QE interactions between the involved constituent particles. The binding energies ⌬ were calculated for the model hQE n wave functions, neglecting possible coupling to additional charge excitations induced in the 2DEG. However, the h-QE attraction responsible for the hQE n binding results from the e-h attraction that, depending on d, can be too weak ͑compared to QE-QE interaction͒ for the FCX's to bind, or too strong ͑compared to the Laughlin gap QE ϩ QH ) for the assumed FCX-2DEG decoupling to hold. In the latter case, the hQE n states could interact sufficiently strongly with the 2DEG to induce and bind additional QE's ͑as shown in Sec. VI, at dϽ the binding of FCX's becomes weaker than the X binding and the transition to the ''normal'' excitonic phase occurs͒.
To demonstrate that the FCX states indeed occur in an e-h system at appropriate values of d, we have calculated the Ne-h spectra as a function of both 2S and d. For the identified hQE n states, these calculations also show the effects of the coupling to the 2DEG on their binding energy ͑for the optical lifetimes see Ref. 46͒ and establish the hQE n complexes as valid TQP's of the e-h system over a wide range of d. Let us stress that although similar spectra ͑for smaller N) have been studied before, [23] [24] [25] [26] [27] [28] 32, 33 the present understanding of the low-lying states in terms of the X Ϫ and hQE n TQP's interacting with excess electrons is different and follows from the discussion in the preceding sections.
Using a modified Lanczos algorithm, we were able to diagonalize Hamiltonians of dimensions beyond ϳ10 6 . This allowed calculation of energy and PL spectra of Ne-h systems with Nр9 and at the values of 2S up to 3(NϪ1), corresponding to the hole interacting with the Laughlin ϭ Let us begin with the system at 2Sϭ22. as a function of layer separation d, calculated for the 8e-h system with a fixed number of Laughlin quasiparticles in the 8e-electron system (⑀ӷ1; see text͒. is the magnetic length. The he state contains an exciton and originates from the multiplicative state at dϭ0. In the shaded part of the graph, the he has the largest binding energy and the hQE n complexes do not form.
in Sec. VI, V h-LS is calculated by setting the hole charge to a very small fraction of ϩe so that it does not perturb the Laughlin ground state.
The lines in Fig. 10 show data obtained from the spectra similar to those in Fig. 9 , i.e., including all effects of e-h interactions. For comparison, with symbols we have shown the data plotted previously in Fig. 8 , where very small hole charge e/⑀ was used in the calculation to assure that, at any d, the obtained low-energy eigenstates are given exactly by the hQE n wave function. At dϾ, very good agreement between binding energies calculated for ⑀ϭ1 ͑lines͒ and ⑀ ӷ1 ͑symbols͒ confirms our identification of hQE n states in low energy Ne-h spectra. At dϽ the two calculations give quite different results that confirms that the description of actual Ne-h eigenstates in terms of the hole interacting with Laughlin quasiparticles of the 2DEG is inappropriate ͑the correct picture is that of a two-component eϪX Ϫ fluid͒. The formation of hQE n complexes at d larger than about 1.5 can be seen most clearly in the dependence 46 of their PL intensity on d. Although d is the only tunable parameter in an e-h system, the transition from ''integrally'' to ''fractionally'' charged exciton phase occurs in the phase space of two parameters, D and U, which define the perturbation potential V UD . Different combinations of U and D are possible in systems where the hole is replaced by an electrode ͑STM͒ or a charged impurity. 41, 42 The relation between U and D in realistic e-h systems depends somewhat on the magnetic field and electron density ͑because of the asymmetric inter-LL scattering for electrons and holes͒, and/or on the widths of electron and hole layers. We have calculated similar dependences to those in Fig. 10 for the e-h interaction multiplied by a constant, ⑀ Ϫ1 V eh , and found that the phase transition occurs in every case. The critical layer separation depends on ⑀ and equals d/ϭ0.84, 1.66, 2.25, 2.61, and 2.95, for ⑀ Ϫ1 ϭ0.5, 1, 1.5, 2, and 2.5, respectively. The analysis of the characteristics of hQE n complexes plotted in Fig. 10 ͑and the good agreement of the actual binding energies with those obtained for ⑀ӷ1) confirms that the most important bound complex to understand PL at d у2 is hQE 2 , which has the largest binding energy ⌬, and significant excitation energy E*ϪE. The hQE is also a fairly strongly bound complex with large excitation energy, but the charge neutral ''anyon exciton'' suggested by Rashba et al. 27 is not bound. It will be shown in a subsequent publication 46 that the hQE 2 complex has a significant PL oscillator strength, while neither hQE nor hQE 3 are radiative. Finally, the radiative excitonic state ͑charge neutral e-h pair weakly coupled to the 2DEG͒ breaks apart at dϾ2.
VIII. CONCLUSION
Using exact numerical diagonalization, we have studied energy spectra of a 2DEG in the FQH regime interacting with an optically injected valence-band hole confined to a parallel 2D layer. Depending on the separation d between the electron and hole layers, different response of the 2DEG to the hole has been found. At d smaller than a magnetic length , the hole binds one or two electrons to form neutral (X) or charged (X Ϫ ) excitons. The X's are weakly coupled to the 2DEG, and the X Ϫ 's with the remaining electrons form a two-component fluid with Laughlin correlations. One or two of the QH excitations of this fluid can bind to an X Ϫ to form a X Ϫ QH n complex. The PL spectrum at small d depends on the lifetimes and binding energies of the X and X Ϫ states, rather than on the original correlations of the 2DEG. No anomaly occurs in PL at the Laughlin filling factor ϭ 1 3 , at which the FQH effect is observed in transport experiments.
At d larger than about 2, the Coulomb potential of the distant hole becomes too weak and its range becomes too large to bind individual electrons and form the X or X Ϫ states. Instead, fractionally charged excitons hQE n are formed, consisting of one or two Laughlin QE's bound to the hole. Different hQE n complexes have different optical properties 46 ͑recombination lifetimes and energies͒, and which of them occur depends critically on whether QE's are present in the 2DEG. Hence, discontinuities occur in the PL spectrum at ϭ 1 3 . The crossover between the ''integrally'' and ''fractionally'' charged exciton phases in an e-h system can be viewed as a change in the response of a 2DEG to a more general perturbation potential V UD defined in terms of its characteristic energy (U) and length (D) scales. An analogous transition will occur in other similar systems, in which the 2DEG is perturbed by a charged impurity 41, 42 or an electrode. However, a difference between the response to negatively and positively charged probes is expected because of very different QE-QE and QH-QH interactions at short range.
Our results invalidate two suggestive concepts proposed to understand the numerical Ne-h spectra and the observed PL of a 2DEG. First, in contrast with the works of Wang et al., 25 and Apalkov and Rashba, 26 we have shown that the ''dressed exciton'' states with finite momentum (k 0) do not occur in the low-energy spectra of e-h systems at small d. The coupling of k 0 excitons to the 2DEG is too strong to be treated perturbatively, and does more than renormalization of the exciton mass. Rather, it causes instability of k 0 excitons and formation of charged excitons X Ϫ . Second, we have shown in contrast with the work of Rashba and Portnoi, 27 that the charge-neutral ''anyon excitons'' hQE 3 are not stable at any value of d ͑they are also nonradiative 46 ͒. FIG. 10 . The excitation gap E*ϪE ͑a͒, and binding energy ⌬ ͑b͒ of fractionally charged excitons hQE n as a function of layer separation d, calculated for the 8e-h system. E X is the exciton energy and is the magnetic length. The he state contains an exciton and originates from the multiplicative state at dϭ0.
